Abstract: This paper presents a mathematical model of measuring blood flow based on electromagnetic induction for predicting the rate of arterial stenosis. Firstly, an electrode sensor was used to collect the induced potential differences from human skin surface in a uniform magnetic field. Then, the inversion matrix was constructed by the weight function theory and finite element method. Next, the blood flow volume inversion model was constructed by combining the induction potential differences and inversion matrix. Finally, the rate of arterial stenosis was predicted based on mathematical relationship between blood flow and the area of arterial stenosis. To verify the accuracy of the model, a uniform magnetic field distribution of Helmholtz coil and a 3D geometric model of the ulnar artery of the forearm with different rates of stenosis were established in COMSOL, a finite element analysis software. Simulation results showed that the inversion model had high accuracy in the measurement of blood flow and the prediction of rate of stenosis, and is of great significance for the early diagnosis of arterial stenosis and other vessel diseases.
Introduction
Blood is an important carrier of oxygen and nutrients between the organs and tissues of the body. Arterial stenosis will reduce the blood flow to various organs or tissues, causing coronary heart disease, angina, and other cardiovascular diseases. According to the statistics of the World Health Organization, 17 million people died of cardiovascular diseases in 2008, accounting for 30% of the global total [1] . Atherosclerosis is one of the main causes of arterial stenosis, which is characterized by the blockage of blood vessels by the plaques formed by the accumulation of lipids. The best treatment methods for vessels with different degrees of stenosis are also different. Therefore, it is of great value to develop a safe and non-invasive method to monitor arterial vessel blood flow status for common arterial vessel diseases early prevention.
Nowadays, common diagnostic methods for arterial stenosis include digital subtraction angiography (DSA), nuclear magnetic resonance angiography (MRA), spiral CT angiography (CTA), and ultrasonic examination. DSA has a high spatial resolution and can accurately detect the degree and range of arterial stenosis [2] . However, due to its high trauma and high diagnostic cost, DSA is generally used as the examination before angioplasty, rather than suitable for general survey [3] . MRA is a non-invasive angiography technique, which has a good consistency with the results of DSA detection, but the arterial stenosis shown by MRA may be exaggerated [4] . CTA can obtain the complete morphology of complex structures and show calcified plaques [5] . When the stenosis
Theory of the Electromagnetic Induction
According to Faraday's law of induction [24] , when a conducting fluid moves through a uniform and static magnetic field B with a velocity v as shown in Figure 1 , the charged particles of the fluid experience a force called the Lorentz force. In this case, the electric current density J in the conducting fluid, in the presence of electric and magnetic fields, is given by Ohm's law:
where σ is the local fluid conductivity, E C is electrostatic field, The expression (v × B) represents the local induced electric field induced by the fluid motion. According to the relevant theories of electromagnetic induction [24] [25] [26] [27] and assuming that the conductivity in the flow section is uniform, we can obtain the general partial differential equation (Laplace equation) to measure the electromagnetic induced potential of the fluid with uniform conductivity:
Solving this equation, by the application of the appropriate boundary conditions, gives the electrical potential distribution U due to the motion of the fluid in the uniform magnetic field B. Hence, the blood flow information can be reconstructed by obtaining the induction electric potential change.
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According to the relevant theories of electromagnetic induction [24] [25] [26] [27] and assuming that the conductivity in the flow section is uniform, we can obtain the general partial differential equation (Laplace equation) to measure the electromagnetic induced potential of the fluid with uniform conductivity:
Solving this equation, by the application of the appropriate boundary conditions, gives the electrical potential distribution U due to the motion of the fluid in the uniform magnetic field B .
Hence, the blood flow information can be reconstructed by obtaining the induction electric potential change. 
Mathematical Model

Mathematical Model of Induction Potential Difference
The traditional electromagnetic induction calculation method has a large error when the blood flow velocity of human artery is non-axisymmetric in the flow profile. Based on the weight function theory proposed by Shercliff [28] and the finite element analysis method, the three-dimensional mathematical model of flow induced potential difference proposed by Bevir [29] is simplified into a two-dimensional model in this paper： 
Mathematical Model
Mathematical Model of Induction Potential Difference
The traditional electromagnetic induction calculation method has a large error when the blood flow velocity of human artery is non-axisymmetric in the flow profile. Based on the weight function theory proposed by Shercliff [28] and the finite element analysis method, the three-dimensional mathematical model of flow induced potential difference proposed by Bevir [29] is simplified into a two-dimensional model in this paper:
where ∆U is the flow induction potential difference, R is the measured section radius, (r, θ) represents the flow position, W(r, θ) represents the weight function value of each point on the measured section, and v(r, θ) represents the velocity value of each axial point. Since the radius of the human artery is small, the information of the center of the artery section can be approximately expressed as the average information of the entire artery section, and Equation (3) can be further simplified as:
A is the cross section area of the artery, and the stenosis of the artery will directly reduce the cross section area, thus reducing the induction potential difference. Equation (4) is the theoretical calculation model of induction potential difference. By solving the weight function value of each point, the theoretical value of induction potential difference can be obtained.
Mathematical Model of Weight Function
Based on Bevir's three-dimensional mathematical model, the virtual current density vector J v [30] is introduced into the weight function, which is defined as follows:
where B is the magnetic flux density vector, and suppose that the magnetic field only has a non-zero component along the y-axis, that is B = [0, B 0 , 0]. Then, the mathematical model of virtual current density vector J v was derived by Laplace equation:
Combined with Equations (5) and (6), the weight function only has a unique non-zero component along the z-axis, and its mathematical model is as follows:
where ψ in and ψ out , respectively, represent the virtual current inflow and outflow angle, namely the polar coordinate angle of the measured potential and the reference potential in the actual measurement. By selecting different values of ψ in and ψ out , multiple groups of induced potential differences can be obtained. From the above equation, it can be seen that the weight function value is only related to the size of magnetic field, measured section size and measured potential position, and has nothing to do with the inherent characteristics of the fluid.
Blood Flow Volume Inversion Model
The schematic diagram of arterial blood flow measurement principle is shown in Figure 2 . The artery is approximately viewed as a small channel within the measured section, and the blood flow Q through the measured section has a linear relationship with the area:
Substitute Equation (8) into Equation (4) to obtain the basic formula for arterial blood flow inversion:
where ∆U i is the flow induction potential difference at the i th electrode, W ij represents the weight function of the area of the j th artery at the i th electrode, and Q j is the flow rate of the j th artery. Assuming that there are 1 + i electrodes and j arteries for the actual measurement, Equation (9) is converted into a multidimensional matrix form for analysis and calculation:
Equation (11) is the blood flow volume inversion model. Where U is the input vector, Q is the output vector, and 1 -W is the inversion matrix composed of j i × weight function values. But in fact that W is an approximate singular matrix, the direct inverse calculation results have a large error. In this paper, the inversion of W was performed using a Tikhonov regularization technique involving singular value decomposition (SVD) of W .
The arterial blood flow information can be reconstructed through Equation (11), and the degree of arterial stenosis can be approximately predicted by comparing the arterial blood flow with the normal arterial blood flow, and the stenosis rate can be calculated as follows: In summary, if the arterial stenosis changes, the arterial blood flow will change, then, the electromagnetic induction potential will change in a uniform magnetic field. Therefore, we can obtain the inductive potential difference by measuring, and calculate the arterial blood flow information by the blood flow inversion model. Finally, we can predict the rate of arterial stenosis accurately by the mathematical relationship between blood flow and the area of arterial stenosis. Assuming that there are i + 1 electrodes and j arteries for the actual measurement, Equation (9) is converted into a multidimensional matrix form for analysis and calculation:
or:
Equation (11) is the blood flow volume inversion model. Where U is the input vector, Q is the output vector, and W −1 is the inversion matrix composed of i × j weight function values. But in fact that W is an approximate singular matrix, the direct inverse calculation results have a large error. In this paper, the inversion of W was performed using a Tikhonov regularization technique involving singular value decomposition (SVD) of W.
The arterial blood flow information can be reconstructed through Equation (11), and the degree of arterial stenosis can be approximately predicted by comparing the arterial blood flow with the normal arterial blood flow, and the stenosis rate can be calculated as follows:
where Q j is the blood flow value of the j th artery, Q 0 is the normal arterial blood flow, and δ j is the stenosis rate of the j th artery. In summary, if the arterial stenosis changes, the arterial blood flow will change, then, the electromagnetic induction potential will change in a uniform magnetic field. Therefore, we can obtain the inductive potential difference by measuring, and calculate the arterial blood flow information by the blood flow inversion model. Finally, we can predict the rate of arterial stenosis accurately by the mathematical relationship between blood flow and the area of arterial stenosis.
Simulation Results and Analysis
Simulation Model of Blood Flow Potential Difference Measurement
Before the formal simulation experiment, we designed an electromagnetic sensor structure for detecting arterial blood flow and predicting the stenosis rate of upper arm artery based on the theories in Sections 2 and 3, as shown in Figure 3 .
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Simulation Results and Analysis
Simulation Model of Blood Flow Potential Difference Measurement
Before the formal simulation experiment, we designed an electromagnetic sensor structure for detecting arterial blood flow and predicting the stenosis rate of upper arm artery based on the theories in Sections 2 and 3, as shown in Figure 3 . Electromagnetic sensors consist mainly of a set of Helmholtz Coils used to generate a uniform magnetic field and 16 electrodes (e0, e1 ... e15) used to detect potential differences in the surface of the skin. The cross section of the upper arm shows the basic components of the upper arm, including skin, fat, muscle, blood vessel wall, blood vessel and bone. The dimensions and positions of these physiological tissues adopted in the simulation have been indicated in Figure 3 , and the approximate true value of each tissue size is adopted [31] .
According to Figure 3 , we established a 3D simulation model in COMSOL Multiphysics, as shown in Figure 4 . Figure 3 mainly includes an electromagnetic sensor and cross section of upper arm of human body. Electromagnetic sensors consist mainly of a set of Helmholtz Coils used to generate a uniform magnetic field and 16 electrodes (e 0 , e 1 ... e 15 ) used to detect potential differences in the surface of the skin. The cross section of the upper arm shows the basic components of the upper arm, including skin, fat, muscle, blood vessel wall, blood vessel and bone. The dimensions and positions of these physiological tissues adopted in the simulation have been indicated in Figure 3 , and the approximate true value of each tissue size is adopted [31] .
According to Figure 3 , we established a 3D simulation model in COMSOL Multiphysics, as shown in Figure 4 .
Simulation Results and Analysis
Simulation Model of Blood Flow Potential Difference Measurement
Before the formal simulation experiment, we designed an electromagnetic sensor structure for detecting arterial blood flow and predicting the stenosis rate of upper arm artery based on the theories in Sections 2 and 3, as shown in Figure 3 . Figure 3 , and the approximate true value of each tissue size is adopted [31] .
According to Figure 3 , we established a 3D simulation model in COMSOL Multiphysics, as shown in Figure 4 . The current flowing into the Helmholtz Coil generates a uniform magnetic field, and the simulation results are shown in Figure 5 .
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The current flowing into the Helmholtz Coil generates a uniform magnetic field, and the simulation results are shown in Figure 5 .
(a) (b) Figure 5 . The uniform magnetic field distribution in the section was measured: (a) Uniform magnetic field distribution; (b) magnetic flux density at each point on the X-axis.
In Figure 5a , the value range of the color bar is between 0.953-1.02 mT. It can be seen that the magnetic field distribution of the whole measured section is relatively uniform, and the red arrow represents the direction of the magnetic field. Figure 5b shows the distribution curve of magnetic flux density at each point on the x axis. The measured regional coordinate interval in this paper is [−0.035,0.035], within which the magnetic flux density value is basically stable at 1 mT.
In the simulation study in this paper, the blood flow velocity was set as 0.23 m /s, the conductivity was set as 1.09 S/m [32] , and the induction potential was obtained by means of 16-electrode measurement, as shown in Figure 6 . According to Figure 3 , the electrode e0 was taken as the reference potential, denoted as 0 U , and then the potentials of the other measuring electrodes were arranged counterclockwise as 1 U , 2 U ... 15 U and make the difference with 0 U to get 15 induction potential differences as 
Verification of Blood Flow Volume Inversion Model
In order to verify that the electromagnetic induction measurement method is insensitive to the number and location of blood vessels, three main tests were performed:
Test1: Blood flow was injected into the right artery alone In Figure 5a , the value range of the color bar is between 0.953-1.02 mT. It can be seen that the magnetic field distribution of the whole measured section is relatively uniform, and the red arrow represents the direction of the magnetic field. Figure 5b shows the distribution curve of magnetic flux density at each point on the x axis. The measured regional coordinate interval in this paper is [−0.035,0.035], within which the magnetic flux density value is basically stable at 1 mT.
In the simulation study in this paper, the blood flow velocity was set as 0.23 m /s, the conductivity was set as 1.09 S/m [32] , and the induction potential was obtained by means of 16-electrode measurement, as shown in Figure 6 . According to Figure 3 , the electrode e 0 was taken as the reference potential, denoted as U 0 , and then the potentials of the other measuring electrodes were arranged counterclockwise as U 1 ,U 2 ...U 15 and make the difference with U 0 to get 15 induction potential differences as ∆U 1 ,∆U 2 ...∆U 15 .
In the simulation study in this paper, the blood flow velocity was set as 0.23 m /s, the conductivity was set as 1.09 S/m [32] , and the induction potential was obtained by means of 16-electrode measurement, as shown in Figure 6 . According to Figure 3 
Test1: Blood flow was injected into the right artery alone 
Test1: Blood flow was injected into the right artery alone Test2: Blood flow was both injected into two arteries simultaneously Test3: Blood flow was both injected into two arteries after they were rotated 45 • to the Y-axis Firstly, the induction potential distribution of the measured section was simulated by COMSOL, as shown in Figure 7 .
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Test2: Blood flow was both injected into two arteries simultaneously Test3: Blood flow was both injected into two arteries after they were rotated 45° to the Y-axis Firstly, the induction potential distribution of the measured section was simulated by COMSOL, as shown in Figure 7. (a) Test1 (b) Test2 (c) Test3 Then, 15 groups of induction potential differences were extracted, as shown in Figure 8 . According to Figure 8 , the induction potential difference obtained in COMSOL is consistent with the theoretical value. The simulated induced potential difference was used for the inverse calculation of blood flow value, and the results are shown in Figure 9: (a) Test1 (b) Test2 (c) Test3 Figure 9 . The difference of potential in different test conditions.
The results of blood flow reconstruction in the three groups showed that, the blood measurement method based on electromagnetic induction is not sensitive to the number and location Then, 15 groups of induction potential differences were extracted, as shown in Figure 8 .
Test2: Blood flow was both injected into two arteries simultaneously Test3: Blood flow was both injected into two arteries after they were rotated 45° to the Y-axis Firstly, the induction potential distribution of the measured section was simulated by COMSOL, as shown in Figure 7 .
(a) Test1 (b) Test2 (c) Test3 Then, 15 groups of induction potential differences were extracted, as shown in Figure 8 . According to Figure 8 , the induction potential difference obtained in COMSOL is consistent with the theoretical value. The simulated induced potential difference was used for the inverse calculation of blood flow value, and the results are shown in Figure 9: (a) Test1 (b) Test2 (c) Test3 Figure 9 . The difference of potential in different test conditions.
The results of blood flow reconstruction in the three groups showed that, the blood measurement method based on electromagnetic induction is not sensitive to the number and location According to Figure 8 , the induction potential difference obtained in COMSOL is consistent with the theoretical value. The simulated induced potential difference was used for the inverse calculation of blood flow value, and the results are shown in Figure 9 :
The results of blood flow reconstruction in the three groups showed that, the blood measurement method based on electromagnetic induction is not sensitive to the number and location The results of blood flow reconstruction in the three groups showed that, the blood measurement method based on electromagnetic induction is not sensitive to the number and location of human arteries and blood non-axisymmetric flow, so it can be applied to the blood flow measurement of different individuals, and the error of measurement results is less than 0.1%, which can accurately reconstruct the blood flow information of limb section artery.
Prediction of Arterial Models with Different Rates of Stenosis
In this section, four typical stenosis artery simulation models were constructed for tests, as shown in Figure 10 . The right artery was artery vessels with different rates of stenosis, and the left artery was normal vessels without stenosis, as the reference object.
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In this section, four typical stenosis artery simulation models were constructed for tests, as shown in Figure 10 . The right artery was artery vessels with different rates of stenosis, and the left artery was normal vessels without stenosis, as the reference object. The same blood flow was injected into each artery, and the induced potential difference was obtained by COMSOL. The simulation results are shown in Figure 11 .
In this section, four typical stenosis artery simulation models were constructed for tests, as shown in Figure 10 . The right artery was artery vessels with different rates of stenosis, and the left artery was normal vessels without stenosis, as the reference object. The 15 groups of induction potential differences with U 0 as the reference potential were extracted, as shown in Figure 12 .
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The 15 groups of induction potential differences with U0 as the reference potential were extracted, as shown in Figure 12 . As can be seen from Figure 12 , the more severe the artery stenosis is, the smaller the amplitude of the induction potential difference will be. The simulated induced potential difference was input into the flow inversion model to obtain the blood flow volume of each artery, as shown in Figure13. In Figure 13 , the normal arterial blood flow values reconstructed by the four simulation models were basically the same, and the arterial blood flow values with different rates of stenosis decreased with the increase of rates of stenosis. The predicted rates of stenosis is shown in Figure 14 . As can be seen from Figure 12 , the more severe the artery stenosis is, the smaller the amplitude of the induction potential difference will be. The simulated induced potential difference was input into the flow inversion model to obtain the blood flow volume of each artery, as shown in Figure 13 .
The 15 groups of induction potential differences with U0 as the reference potential were extracted, as shown in Figure 12 . As can be seen from Figure 12 , the more severe the artery stenosis is, the smaller the amplitude of the induction potential difference will be. The simulated induced potential difference was input into the flow inversion model to obtain the blood flow volume of each artery, as shown in Figure13. In Figure 13 , the normal arterial blood flow values reconstructed by the four simulation models were basically the same, and the arterial blood flow values with different rates of stenosis decreased with the increase of rates of stenosis. The predicted rates of stenosis is shown in Figure 14 . In Figure 13 , the normal arterial blood flow values reconstructed by the four simulation models were basically the same, and the arterial blood flow values with different rates of stenosis decreased with the increase of rates of stenosis. The predicted rates of stenosis is shown in Figure 14 . Sensors 2019, 5x 11 of 13 Figure 14 . Prediction results of rates of stenosis in different arterial models.
As can be seen from Figure 14 , the predicted rates of arterial stenosis has a good consistency with the expected value, and the higher the rate of stenosis, the higher the prediction accuracy. This proves that the blood flow volume linear inversion model based on electromagnetic induction for predicting the rate of arterial stenosis is feasible.
Conclusion
In this paper, a blood flow volume linear inversion model based on electromagnetic sensor for predicting the rate of arterial stenosis is proposed. According to the electromagnetic induction theory, the blood flow through a uniform magnetic field will generate an inductive potential field. The electromagnetic induction potential signal was obtained from the surface of human skin by the electromagnetic sensor, and the blood flow volume inversion matrix was constructed by combining weight function theory and finite element method, and then the blood flow volume of human artery was calculated. Finally, the rate of stenosis was predicted by the relationship between blood flow and arterial cross section area. The model has been verified by COMSOL and MATLAB simulation, and accurate inversion results of blood flow and prediction results of rates of stenosis have been obtained. The results showed that the blood flow volume linear inversion model based on electromagnetic sensor for predicting the rate of arterial stenosis is feasible. The following work will focus on how to determine the exact location of arterial stenosis, which will be of great significance for the diagnosis and treatment of arterial stenosis. As can be seen from Figure 14 , the predicted rates of arterial stenosis has a good consistency with the expected value, and the higher the rate of stenosis, the higher the prediction accuracy. This proves that the blood flow volume linear inversion model based on electromagnetic induction for predicting the rate of arterial stenosis is feasible.
Conclusions
In this paper, a blood flow volume linear inversion model based on electromagnetic sensor for predicting the rate of arterial stenosis is proposed. According to the electromagnetic induction theory, the blood flow through a uniform magnetic field will generate an inductive potential field. The electromagnetic induction potential signal was obtained from the surface of human skin by the electromagnetic sensor, and the blood flow volume inversion matrix was constructed by combining weight function theory and finite element method, and then the blood flow volume of human artery was calculated. Finally, the rate of stenosis was predicted by the relationship between blood flow and arterial cross section area. The model has been verified by COMSOL and MATLAB simulation, and accurate inversion results of blood flow and prediction results of rates of stenosis have been obtained. The results showed that the blood flow volume linear inversion model based on electromagnetic sensor for predicting the rate of arterial stenosis is feasible. The following work will focus on how to determine the exact location of arterial stenosis, which will be of great significance for the diagnosis and treatment of arterial stenosis.
